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It was shown in [1—4] that the integral variational principles of Hamiliton,
Lagrange, and Jacobi are valid for holonomic, as well as nonholonomic systems,
although in the case of the latter the comparison curves do not, generally, sat-
isfy the nonintegrable constraint equations, Hence, generally speaking, they
are not principles of stationary action for nonholonomic systems, The neces-
sary and sufficient conditions of existence of solutions of the equations of mo-
tion of nonholonomic systems among solutions of Euler's equations  of the
Lagrange problem were established in [5] for the Hamilton principle, i.e. when
in the first approximation it is the principle of stationary action, The similar
problem for the Lagrange and the Jacobi principles is solved here for mechani-
cal systems subjected to nonholonomic stationary constraints homogeneous with
respect to generalized velocities, and acted upon by potential forces defined
by derivatives of the generalized force function, Necessary and sufficient
conditions for the Lagrange and Jacobi principles to be principles of stationary
action are established. These conditions coincide with those in [5]. Condi-
tions under which the theorem and the energy integral of systems subjected to
ideal nonlinear nonholonomic constraints are also formulated, and conditions
under which real displacements of a nonholonomic system can be found among
possible displacements are indicated,

1, Let us consider a mechanical system under nonintegrable ideal constraints

fl(qh qivt)::O (l=1,..., 7‘) (1.1)
nonlinear, in the general case, relative to the generalized velocities q; = dg; / dt,
where ¢; (i = 1, ..., n) are the system's Lagrange coordinates and ¢ is time,

Constraints (1, 1) are assumed independent, i.e.,
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One of the fundamental principles . in the dynamics of mechanical systems is the
D'Alembert—Lagrange principle which in generalized coordinates has the form
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Here L (g;, q;', t) = T -+ U is the Lagrange function, 7 (g;, ¢;", t) isthe
kinetic energy, U = U; (gi» ¢i'» t) -+ Uq (9i5 1) is the generalized force function,
where the function U, (g;, g; , t) is a linear form in the velocities ¢; . @; are the
generalized nonpotential forces, and 8¢; are the feasible (virtual) displacements sat-
isfying the Chetaev conditions

" a
%ﬁ-—aqi:o (I=1,...,1 (.9
bamed € ;
=1
Function L is of the second degree in the generalized velocities, L = L, + L;--+
L,, where Ly = T, is a positive-definite quadratic form, L; = T, + U, is a
linear form in the velocities ¢, and Ly = T’y + U, is independent of g;’.
If the real displacements dg; = ¢;" dt of the system are found among the feasi-
ble displacements  O¢;, then from relation (1,2) follows the energy theorem

n n
d . oL B .aL (1.4)
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of the same form as for holonomic systems when constraints (1. 1) are absent, If the
nonpotential forces are gyroscopic or are absent, while the Lagrange functions doesnot
depend explicitly on time, i.e., under the conditions

- - oL _ (1.5)
ZQiQi =0, =5 = 0
i1

we obtain the generalized energy integral
n
N 4 o — L= Ly — Ly = Ty — T —Us =h = const (1.6)

1

i=1
from equality (1.4), Integral(l.6) becomes the physical energy integral
T —Uy=nh (3.7

if the geometric (finite) constraints imposed on the system are stationary (then 7 —
T,, T, =T, =0).

Incorrect assertions are encountered even in textbooks when discussing the condi-
tions when the real displacements of a nonholonomic systemn are to be found among its
feasible displacements. Thus (see [6] ), it is asserted that "under differential constr-
aints, just as under finite constraints, the virtual displacements coincide with the true
ones if the constraint is scleronomous, i.e,, the equation of the differential constraint
has the form

1
2} (ap, CENE B dy, + cm&zv) =0

V=i

where @y, bpy, cpy are functions only of the coordinates and not of time occurring
explicitly”, However, it is not difficult to see [4, 7] that in the case of theonomic
homogeneous constraints of such kind, when the coefficients apy, byy, cpp do depend
explicitly on time, the real displacements are found among the feasible ones, Regard-
ing nonlinear constraints of form (1.1), their time independence does not ensure the
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possession of this property in the general case, As a matter of fact, in order that the
real displacements dg; = ¢;'d¢t be found among the feasible ones satisfying conditions
(1.3), it is necessary and sufficient that conditions
n
a .
. %q{:O (=1, ...7 (1.8)
=1
be fulfilled, These conditions are fulfilled for constraints homogeneous in ¢;* since
by Euler's theorem on homogeneous functions we have
T
o . .
. E;': ;7 =kf (9, 97. 1)
=1
independently of the stationarity of constraint (1,1); k; is the degree of homogeneity
of function  f; Conversely, conditions (1,8) are, generally speaking not fulfilled
for inhomogeneous constraints even if functions (1, 1) are time-independent, From
what has been said it is obvious that in the general case one cannot carry over to non-
holonomic systems the assertion, valid for holonomic systems, that if the constraints
do not depend explicitly on time, the real displacements are to be found among the
feasible ones, We remark that in the case of homogeneous constraints (1. 1) the class
of feasible velocities includes the rest state g¢;" = 0, in connection with  which
systems under nonlinear homogeneous constraints can be referred to the category of
catastatic systems [4],
Let us now consider the inverse problem. Assume that the equations of motion of
a nonholonomic system

d 2L L of, (1.9
a5~ O Yk

where U; are Lagrange multipliers, admit of energy integral (1.6). Differentiating
(1. 6) with respect to ¢ relative to (1.9), we find that for relation (1. 6) to be, under
conditions (1. 5), an integral of Eqs, (1,9), it is necessary and sufficient that the iden-
tity
of . 0
;Mz@-% = (1. 10)

be fulfilled under conditions (1,1), Condition (1, 10) is fulfilled for homogeneous con-
straints, but, generally speaking, it is not fulfilled for inhomogeneous constraints,
Thus, for example, if only one constraint of form (1, 1) is imposed on the system, then
condition (1,10) with p = 0 reduces to one equality of form (1, 8), not fulfilable
in general case for an inhomogeneous constraint f (¢;, ¢;’, t) = O.

2. From now on we assume that only potential forces possessing either a generaliz-
ed force function U = U, + U, or a force function U = U, act on the system,
so that all nonpotential foce Q; = 0 (i == 1,. . ., n), the Lagrange function L
= T -+ U does not depend explicitly on time and the constraints (1, 1) are homo-~
geneous in ¢; and do not depend explicitly on time, i.e., are

filgs, Y =0 (I=1,...,1n (2.1
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Under these conditions the generalized energy integral (1, 6) or the energy integral
(1.7) holds, The existence of integral (1,6) or (1,7) permits use, as is well known (11,

when considering an integral variational princinle of least acti ‘o
....... LULGAUTALA Y Gl Ll plal ValialiUildl yu.u\.”.u.c Ol i1east a\.uUu, o 1mLu.bL Luc aCL Ul

comparable motions leading the system from one posifion to another, in which the
energy has one and the same fixed value 7 .

Let us consider the real motion of the system between some initial position P,
and final position P, , for which the constant % of the generalized energy integral
(1. 6) has a specific value. If we compare this motion with sufficiently proximate varia-
tional motions between the same initial P0 and final P1 positions, taking place,
with Eq. (1.6) observed, with the same value of constant h of generalized energy as
in the real motion, then for the latter, by the Lagrange principle [8]

o n
A S aL Faridt =0 (2.2)
to i—l
Here A is the symbol of complete (asynchtonous) variation, and it is assumed that at
the initial position P, and final position P, passed through at instants ¢, and
1y, all
Ag; =0 (i=1,..., n) (2.3)

The instants at which the system passes through positions P, and P are not fixed;
they depend upon the curve along which the system moves, i.e., in the general case,
Aty = 0 and At, = 0. The complete and the synchronous (virtual) variations of
the coordinates are connected by the relation

Ag; = 8q; + g, At (2.4)
applicable as well to any differentiable function of the coordinates and time. We hence-
forth assume that the variations Agq; and At are function of ¢ of class C,.

We note that by virtue of integral (1. 6) the Lagrange principle (2. 2) can be written
as well in the form [4] "

AS(L+h)dt:0 (2.5)

to

under conditions (2, 3) and (1, 6). The Lagrange principle in form (2, 2) or (2.5) is
valid both for holonomic systems as well as for nonholonomic generalized-conservative
or conservative systems [1—4]), We can convince ourselves of this, for example, by
deriving the Egs, (1.9) of motion of nonholonomic systems (with Q; = 0) from(2.2)
or(2.5). However, for nonholonomic systems the variational motions do not,
generally speaking comply with constraint equations (2.1); in view of this  the
writing of (2, 2) or (2,5) has a conditional sense [4]: the comparison curves do not
satisfy Eqs. (2.1), whereas a real trajectory defined from (2. 2) or (2, 5) does satisfy
these equations,

In this regard the Lagrange principle, as the Hamilton principle, for nonholonomic
systems is in general case, not a principle of stationary action in the sense of the cal-
culus of variations. Under specified conditions [5], however, the Hamilton principle
for nonholonomic systems can have, in the first approximation, the character of the
principle of stationary action, Since the Lagrange principle is closely related to the
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Hamilton principle [1}, we can expect thatunderthe conditions mentioned the Lagrange
principle will also have, in the first approximation, the character of the principle of

stationary action, In order to be convinced of this we consider the equations of the
extremals of variational problem (2, 2) in the class of curves satisfying conditions(2, 1)
and (1,6), This problem on conditional extremum reduces to a problem on uncondi-
tional extremum

4
AfFat=0 (2.6)
ta

under conditions (2,3), Here the integrand is

F= Z -q; -+ A Z g —L— h) + 2"#2 (g @) (2.7

=1 i=1 [==1

where A and %;are undetermined multipliers, being certain time functions, It is
easy to perceive [8] the validity of the equality

A§th-:-—[(F—— OF o Az+2 Aq,]’-—

to
i on

1
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VY (- ) Sqidt

to i=1

Here all variations 8g; are taken to be arbitrary and independent, while the Ag;
satisfy conditions (2.3), as a consequence of which we obtain from equality (2. 6) the
equations for the extremals and the transversality conditions at the endpoints of the
extremals

7{55?_'3?{{:0 @i=1,...,n) (2.8)
N oF

F',__. Tq‘.::o for t-‘—"—toy t]_ (2.9)
=1

Since by virtue of Eqs, (2,8) the time derivative in the left-hand side of (2. 9) is zero,
that side of (2.9) is constant and equal zero along the whole of the extremum

n
ar .
F =Y, 59 =0

i=1
Substituting the expression of function (2.7) into this equation, with due regard to
Egs. (1.86) and (2, 1) we obtain the equality

__.(1+7»)Z 3; aq g:;q; =0

i,j=1
from which we find A = —1 since by assumption ||@*L / 8¢:°dq; || 0. Con-
sequently, function (2,7) takes the form

F=L+h+2nfign a)
Substituting this expression into Eq, (2.8), we obtain the equations for the extremals
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of problem (2, 6)

iaL oL (8f1 d of; . 91, .
at a_(]i“- T’/i = K E:‘—"Et—éz)—z&gq—; (i=1,...,n) (2.10)
] i
These equations coincide with the Eqgs, (3. 2) in [5] for the extremais of the variational
Lagrange problem for the Hamilton principle, A comparison of Egs. (2. 10) with Egs,
(1.9) for the motion of the nonholonomic system (with Q; = 0 leads to the condition

af, d 91
;“l (E—Tta—q:) 8: =10 (2.11)
, i
necessary and sufficient for the solution of Egs, (1. 9) and (2. 1) to be found amongthe
solutions of Eqs, (2.10) and (2.1). Thus, for the motions of the nonholonomic system,
satisfying condition (2, 11), the Lagrange principle has, in the first approximation, the

character of the principle of stationary action,

3. In order to bypass the difficulties connected with asynchronous variation we
can, following Jacobi [9], select as the independent variable a certain parameter A
constinuously and monotonely varying between constant values A, and A, corres-
ponding to the system's positions P, and P;, In the system's motion the variabl-
es ¢;, g;” and ! are functions of this parameter A. We denote the derivative of

g; with respectto A by ¢, , so that

g = q;/’d\/ dt
The constraint Egs, (2, 1), homogeneous in ¢;", become
fl (Qi» qi') =0 (l =1, .. . r)

and the feasible displacements 8¢; (for a fixed A ) must, by virtue of (1,3), satisfy
the conditions

n af‘l
Z—bq—i/éqi:() (I=1,...,n (3.1)
=1

If the system's real motion between certain initial P, and final P; positions, for
which the constant % of generalized energy integral (1. 6) has a specific value, is
compared with sufficiently proximate variational motions between the same positions

Py and P,, taking place with the same generalized energy A, asin the real
motion, then for the latter, by the Jacobi principle

M
s (V2T IV + D)dr =0 (3.2)
ho
and
8g; =0 for A=Ay M (3.3)

The functions 8 (g;, ¢;") and @ (q;, q;') are defined by the formulas

n
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if the quadratic form L, and linear form L; entering into the Lagrange function
L are specified as
n n

1 -
Ly = - Z @i () 4:'q5s Ly = 2“1’ (9s) 9

1, J==1 t==1
Obviously, the relations

are valid, and from integral (1. 6) follows

dh, T
721/ j;Lo (3.4)

With due regard to (3. 1), from the Jacobi principle (3. 2) we can obtain the differen-
tial equations for the system's real path

(1/2 (h I Lg) 6 I D ) _ V2 aLy (3.5)
ax Ve 9 "0 )T Vit Ly 0%

80 _ V2(ht Ly 9 _

o0, VS 37, Zp,‘ z—i,...,n)

We see that by the replacement of variable A by ¢ in accordance with (3,4), we can,
with due regard to (1, 6) take Egs. (3.5) into the for of the equations of motion (1. 9)
with @; =0 (i=1,...,n).

We now consider the equations for the extremals of variational problem (3,2) in
the class of curves satisfying constraint Eqs, (2,1), This problem on conditional ex-
tremum reduces to the problem on unconditional extremum

A
3.6
8 [ war =0 -9
Ao
under conditions (3,3), Here the integrand is
Y= VIETL)VBE + D+ Y g 47)
[
The Euler equations for problem (3. 6) are
_{i_(V-Z(/l'f‘Lo) 9 L. )_ V28 o5, o0 (3.7
o VY28 df/ VZe+ L) % 9
V2t L) 00 0f) d 9f , 0f;
Vo dq;, ZK:<aqi T ()qi’)*—Zul dq;’
i=1,...,n)

Comparing Eqgs, (3,5) and (3, 7) are repeating the arguments (see [5] ), we conclude

that the condition of of
1 d 1
Zn, (—aqi — -dx—_aqi’)aqi -0 (3.8)

[
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is necessary and sufficient for finding some solution of Egs. (3, 5) and (2. 1) among the
solutions of Eqs. (3.7) and (2.1), Condition (3, 8) is obviously equivalent to condition
(2.11).

Thus, for the motions of the nonholonomic system, satisfying condition (2, 11), the
Jacobi principle, has, in the first approximation, the character of the principle of
stationary action,
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